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Abstract. We prove that, given C a smooth projective curve of genus g ^ 
2, the forgetful map M.Or ~* -^GL^ from the moduli space of orthogonal 
bundles to the moduli space of all vector bundles over C is an embedding. Our 
proof relies on an explicit description of a set of generators for the polynomial 
invariants on the representation space of a quiver under the action of a product 
of classical groups. 



Introduction 

Let C be a smooth, irreducible, projective algebraic curve of genus 5^2 over 
an algebraically closed field k of characteristic zero. If G is a reductive group we 
denote by M-q the moduli space of semi-stable principal G-bundles on C . 

We focus here on the case G = SO^, which amounts to considering the moduli 
space of semi-stable orthogonal bundles of rank r with an orientation. It is a 
normal projective variety, composed of two connected components distinguished by 
the second Stiefel-Whitney class. This space is related to the moduli space A^sl^ 
of vector bundles of rank r and trivial determinant on C through the forgetful map 
M.sOr ~^ A^SLr which sends any SO^-bundle to its underlying vector bundle. It 
is natural to ask whether this map is a closed embedding. In fact, when r is even, 
it even fails to be injective, and it is therefore more convenient to ask the same 
question about Aio^ — > A^gl^- 

In the same way we consider the forgetful morphism A^spj^ A^SLa^ defined 
on the moduli space of symplectic bundles of rank 2r on C . 

Our main result may be stated as follows: 



Theorem, (i) The forgetful map M.o^ ^ A^gl,- is an emb 

(ii) When r is odd, A^so^ ^ A^sl^ is again an embedding, while, when r is 
even, it is a 2-sheeted cover onto its image. 

(iii) The forgetful map A^spj^ A^SLa^ is also an embedding. 

We give the full proof for the orthogonal case, and sketch the obvious modifica- 
tions required by the symplectic one. 

We consider in the first section the injectivity of A^so^ A^sl^: this comes 
down to a close comparison of the equivalence relations between SOr-bundles and 
vector bundles which define the closed points of the corresponding moduH spaces. 
We then check that the tangent maps of A^o^ — > AIgl^ are injective. This differ- 
ential point of view is much more involved: it relies on Luna's slice etale theorem, 
which naturally leads to the consideration of representations of quivers. To carry 
our discussion to its end we need an auxiliary result relative to the invariant theory 
of these representations for the action of a product of classical groups: this is the 
aim of the second section (note that a characteristic-free proof of this result can be 
found in QHI). In the third one we show first how this computation results in our 
main theorem. We then give a few complements about the local structure of the 
moduli space A^o,. , in the same way as Laszlo did with A^gl^ (see jH]). 
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1. INJECTIVITY of Mso^ A^SL,. 



In this section we study the injectivity of the forgetful map A^so^ — > Msl,^, 
which is already known to be finite (e.g. by 8.5]). The closed points of Mg 
are in a one-to-one correspondence with the set of equivalence classes of semi-stable 
G-bundles (cf. QH). When G = SL^ one easily recovers from this notion Seshadri's 
definition of ^'-equivalence for vector bundles. We proceed here in the same way 
to link together equivalence between SO^-bundles and S'-equivalence between their 
underlying vector bundles. 

1.1. Let Q be a quadratic form on a r-dimensional vector space V. Any paraboHc 
subgroup of SO{Q) is the stabilizer of an isotropic flag of V. If = A'^o C A^i C 
• • • C A^i is such a flag then its stabilizer T stabilizes = Aq C A^i C • • • C A"; C 
C ■ • • C A^f'" C V too. In a basis adapted to the flrst flag, in which Q is 



represented by the matrix 

group of matrices of the form 
f Ai * ••• 

Ao '■■ 




r must be a subgroup of the 



M 








Ai 








V 



B 








* 

tA-1 



* 




J 



where A., G GLr,-r,_i, B e SO((3') (and n = dimA^i). 

Hence, if P is a semi-stable SOr-bundle and E — P(SLr) its associated vec- 
tor bundle, a reduction of structure group cr of P to a parabolic subgroup F de- 
fined by an isotropic fiag = A^o C A^i C • • • C A^; induces isotropic subbundles 
Ei = (j*E{Ni) C E of rank giving a filtration ^ Eq C Ei C ■ ■ ■ C Ei C 
Ej^ C • • • C El C E. But one knows how to construct such a filtration, with 
the extra conditions that Ei/Ei-i is a stable bundle of degree and E^ / Ei a 
stable orthogonal bundle. By p?;, 4.5] the latter splits as a direct orthogonal sum 
of mutually non-isomorphic stable bundles. The graded object griJ, is then pre- 
cisely the Jordan-Holder one, which is known to characterize the point of A^sl^ 
corresponding to E. 

1.2. A representative of the equivalence class of P as an orthogonal bundle is given 
by the SOr-bundle grP obtained from a suitable reduction of structure group of P 
to a paraboHc subgroup of SO^ (cf. ^Hl 3.12]). Let us check that the reduction a 
attached to the above filtration satisfies the conditions of {loc. cit.). As any charac- 
ter X on r which is trivial on the neutral component of its center is of the form 
M ^ ndet(Ai)"^ with ^^(dim Afj/7Vj_i)a, = 0, the assertion deg(x*cr*£'(fc)) = 
is equivalent to /i(£'i/i?i_i) = 0, i ~ 1,...,^, and a definitely is an admissible 
reduction. 

On the other hand the unipotent radical RM(r) of F is the unipotent part of the 
(neutral component of the) intersection of all of its Borel subgroups. Since these 
are the stabilizers of the flags adapted to the one giving F whose length is maximal, 
R„(F) is a subgroup consisting of matrices M with Ai = id for all i and P = id. 
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We deduce from the preceding a Levi decomposition of T, the Levi component L 
being isomorphic to the product J|GLr._ri_i x SOr-2ri- Let p: T ^ L he the 
projection on this Levi component. The required stabihty of the L-bundle p^(T*E 
is then a consequence of the stabihty of the successive quotients Ei/Ei-i together 
with the following easy fact: 

Lemma 1.3. Let (ii^i)i=i,2 6e two stable Gi-hundles. Then the Gi x G2-hundle 
El Xc E2 is also stable. 

According to jH 11.14 (1)] any parabolic subgroup of Gi x 6*2 is a product 
r = Fi X r2 where Ti is a parabolic subgroup of Gi. It follows that maximal 
proper parabolic subgroups may be written Fi x G2 or Gi x F2, F^ being any 
maximal proper parabolic subgroup of Gi. Therefore the associated bundle E/T 
is isomorphic to Ei/Ti or E2/T2, and the lemma is a consequence of the very 
definition of stability. 

1.4. The class of P is therefore defined by the SO^-bundle grP — p.^,a* P{SOr), 
and (grP)(SLr) is again the Jordan-Holder graded object. Two semi-stable SO^- 
bundles P and P' are sent to the same point of A^sl,. if and only if grP and grP' 
are both obtained from reduction of structure group to SO^ of the same polystable 
vector bundle E. Such a reduction amounts to a section of E/SOr — >■ C, and two 
of them give the same bundles if and only if they are conjugated by the action 
of AutsL^(-E') on T{C, E/SOr). Elements of T{C, E/SOr) correspond to isomor- 
phisms L : E E* such that l* = l and det l is the square of the trivialisation of 
det E inherited from the SL^-torsor structure. The action of AutsL^ (E) simply is 

{f,i) e AutsL,-(i;) X r{C,E/SOr) ^ r^f- 

Since E is polystable AutGL^(-E) acts transitively on the set F(C, P/O,.) of 
all symmetric isomorphisms from E onto E* : indeed the Jordan-Holder fitration 
allows us to split E as 

E = 0(^;(^) « y/^)) ® 0(p,(^) « )) e e((pf ® pf *) ® V^^), 

i j k 

where v}'''' are finite-dimensional vector spaces and the P/^"* (resp. P,-^\ resp. Fjf^) 
are orthogonal (resp. symplectic, resp. non isomorphic to their dual) mutually non 
isomorphic stable vector bundles, in such a way that any symmetric isomorphism 
P — > P* is equivalent to the data of orthogonal (resp. symplectic, resp. non 
degenerate) forms on each one of the v}^^ (resp. vj^\ resp. V^^^). The action of 

AutGL.(i?) ^Y[GL{V!-'^) xllGLivl'^) x (nGL(Ff ) x GL(yf )) 

on the set of these collections is obviously transitive. 

Any two elements a and a' of F(C, P/SO^) are then conjugate under the action 
of AutGL^(F^), by an automorphism whose determinant equals to ±1. When r is 
odd —ids is an O^-isomorphism which exchanges orientation, and the action of 
AutsL^(-E') on F(C, P/SO-r) is still transitive. On the contrary when r is even 
this action fails to remain transitive. For example let P be a vector bundle of 
rank r/2, non isomorphic to its dual, and consider the two orthogonal bundles 
P © P* and P* ® P, equipped with the standard hyperbolic pairing: these bundles 
cannot be SO^-isomorphic (in fact any orthogonal isomorphism must exchange the 
orientation). We have proven so far: 

Proposition 1.5. When r is odd the map AisOr-ik) — > A^sLr(fc) is injective; when 
r is even this is a finite map of degree 2. 
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Remark 1.6. The distinction between the odd or even case rehes on the fact that 
the semi-direct product 1 SO^ ^ ^ Z/2Z may be direct or not. When 
it is direct the map H^{C,SOr) H^{C,Or) is injective. But as soon as r is 
even the section is no longer compatible with the action of SO^ on the previous 
exact sequence by inner automorphisms; we know then how to compute the fibers 
of H^{C, SOr) H'^{C,Or) by twisting this sequence (cf. III 3.3.4]). If r 
is even we have just chosen a bundle E which induces a non trivial connecting 
homomorphism (since Autso^(£^) AutOr(i?) is then an isomorphism), whence 
the lack of injectivity. 

2. Invariant theory of representations of quivers 

We refer the reader to ;9j about the notion of representations of a quiver Q of 
given dimension a G N" and their isomorphism classes. Let Q stand for a quiver 
consisting oin — ni+n2 + 2nz vertices 

and a e N" be an admissible dimension vector (that is a vector such that at^ is 
even and a^j. = a„-> ). We define to be the group 

which is actually thought here as a subgroup of GL(a) = nr=i C^Lq; via the 
inclusions P S GLa„ i— > {P,*P^^) G GL^^ x GL^ The natural action of 

k k 

GL(a) on the space R{Q, a) of all representations of Q of dimension a restricts to 
an action of Fq, on R{Q, a). 

Le Bruyn and Procesi have shown in {loc. cit.) that the algebra of polynomial 
invariants k[R{Q, a)]'^^^°''> is generated by traces along oriented cycles in the quiver 
Q. Following their proof, we produce here a set of generators for the algebra of 
invariants under the action of F^. The local study of the map Mo^ ^ A^gl^ 
made later heavily rests on this description. 

2.1. First fundamental theorem for Ojv x Sp^/. In this section we adapt the 
argument of [2 Appendix 1]. We will denote by M„ the space of n x n matrices. Let 

M be the matrix (^^^ ^ , with J ~ (^^j^^^;it represents a bilinear pairing, given 
as the standard orthogonal sum of a quadratic form of rank N and a symplectic 
form of rank N'. The key lemma becomes (note that M^r x Mjv is identified with 
its image in Mn+n')' 

Lemma2.1.1. Any polynomial function f : (M^v xMjvOCs) ^ k such that f {B A) = 
f{A) for all B G On ^ ^Pn' '"^O'D written f : A ^ F{*-AA'IA) with F a polyno- 
mial map on (M^r x Mjv')(A;) C MAr+Ar/(fc). 

In other words / factors through the appHcation 

tt: Ae (Mat x MAr/)(fc) ^ ^AMA £ (Mn x MN'){k). 

Let "^N,N' be its image, which is nothing else than the product of the space of 
symmetric N x N matrices and the space of antisymmetric N' x N' matrices. The 
restriction of tt to GLn x GLn/ identifies the open subset ^, consisting of non- 
degenerate forms with the geometric quotient (GL^v x GLjv/)/(Ojv x Spjy,) (say 
by jlll Proposition 0.2]). The lemma then follows from the commutative diagram 

(Mat X MN')//iON X SPatO ^ 'fN,N' 

u u 
(gLat X gLn')//{On X SpjvO ^ — - -^"nm' ; 
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the restriction to (GLat x GIini)// {On x Sp^/) of a map / defined on the good 
quotient (Mat x Mat/)// (Oat x Spat/) must indeed be induced by a function of the 
form A e GLat x GLat' ^ F {^AM A) / H {*AM A) with F and H two coprime 
polynomials (defined on (MNxMN'){k)). The equality F( 'AM A) = f{A)HCAMA) 
finally ensures that H is invertible. 

2.1.2. We are now in a position to estabHsh the first main theorem of invariant 
theory for Oat x Spat'- Let us start with the case of multilinear invariants, again 

after [5] . Let be a vector space of dimension N + N' endowed with the non- 

± 

degenerate bihnear form (■ , ■) given by the matrix M. So V = Vi (B V2, Vi being a 
quadratic space of dimension N and V2 a symplectic space of dimension N' . 

Theorem 2.1.3. Any linear x Spjy, -invariant morphism 1/®^* k is a linear 
combination of functions of the form 

(fia ■■ Vi (g) ■ ■ ■ (g) V2t ' > {v„(^i),V„,^2]) ■ ■ ■ {Vcr{2i-l),Va{2t)), 

with a G 621- 

Let ip: V"®^* ^ fc be any Hnear OAf x Sp at/ -invariant map, and consider the 
following polynomial function: 

/: e (End ©End 1^2) x V^^' ^ ip{ALu) e k. 

By the previous lemma there exists a polynomial F on (S^Vi*©A^V^2*) ^ V^^^, linear 
in the second variable, such that f{A, uj) = F{*AMA, u). This polynomial certainly 
is invariant for the natural action of GL(Vi) x GL(V2) on {S^V^ ® A^V^) x F®2». 
for any T e GLiVi) x GL{V2), we have i^(*r-"AMAr-i, Lw) = F{*AMA,uj). 

The assertion results, by polarization, from the description of linear forms on 
y-^*®ai^^®&i^p.^,»a2^^®b2 ^hich are invariant for the action of GL(Fi) x GL{V2): 
F is an homogeneous function of degree i in its first variable, which therefore arises 
from linear forms on {S^V^)'^'' (g)Vf^'' (S{A^V^-)®'-'' (gtV^^''^'' (via the projections 
{S'^V{ © AV;)®* X ^ (s2y^*)®fc (g, v-®2fc ^ (AVa*)®*-*^ Vf^'-^''). Since 
ip{w) = F{M,Lu), one then just has to evaluate F on M. 

2.1 A. One easily deduces from the foregoing a family of generators for the algebra 
of polynomial invariants under the diagonal action (by conjugation) of O^v x Sp^, 
on MA?+Af'(fc)': according to |12[ §7] it is enough to work out the behaviour of the 
composition, the trace and the adjunction (denoted hy A 1-^ A* — M~^*AM) via 
the identification End V ~ V (gV induced by the bilinear pairing. If v = vi + V2 6 
V — Vi (BV2 (cf. I2.1.2|l . we have the following identities: 

- (v (g) uj) o (u = {v, t)u ® w, 

- tr(v (3 w) = (u, w), 

- ((■^1 + V2) (8> w)* =w'S){vi- V2). 

This relations allow us to translate the functions ip^ occuring in theorem I2.1.;^l 
in a way leading to the following statement: 

Theorem 2.1.5. Any On x Spni -invariant function defined on MN+N'{ky is a 
polynomial in the 

iA,,...,Ai)^tTiUj,U,,---U,J, 

with Uj e {Aj,Aj*}. 

TheringofON x Sp Ni-equivariant morphisms fromMN+N'{ky to MN+N'{k) is 
generated as an algebra over k[MN+N'{ky]^'^^^^"' by the elements {Ai, . . . ,Ai) 1— > 
Aj or {Ai,...,A,) ^ Aj*. 

(The second assertion is implied by the first exactly as in {12j.l 
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2.2. Generalization of the main result of The main result of asserts 
that, if i? is a fc-algebra with trace satisfying the n-th Cayley-Hamilton identities, 
then there exists a universal map R — > M„(A) which induces an isomorphism 
R — > M„(A)*^^". In this section we state a similar result deahng with algebras 
with a trace and an antimorphism of order dividing 4. 

2.2.1. Let i? be a fc-algebra endowed with an antimorphism r of order 4 (from now 
on we will write "of order 4" instead of "of order dividing 4") . When R is the algebra 
Mtv+tv' (B) of all matrices with coefficients in a commutative ring B we choose r 
to be the adjunction map (for the considered bihnear form) l: A £ MN+N'{k) 
M~^*-AM. As soon as N or N' is zero l is in fact of order 2, and we could restrict 
ourselves to algebras with anti-involution. 

Let j : R ^ Mat+^v/ (A) be the universal map corresponding to the functor 

Xr^n+n'- B ^Romk{R,MN+N'{B)) 

(cf. §3]). The existence of this morphism easily leads to the representability 
of the functor X/j^at+tv' which associates to any commutative algebra B the set of 
all morphisms of fc-algebras from R to Mat+at/ (B) preserving the antimorphisms. 
This functor is actually represented by a closed subscheme of Xr^n+ni, still called 
Xr.n+n'- the map r £ R^-^ tjr"^(r) G MA'+Ar'(^) comes from a morphism t: 
A of order 4, and the induced map j : R ^ MAr+Af'(^) (where A is the quotient oi A 
by the action of t) is universal among the morphisms R — > Mat+at'IS) commuting 
with T and l. 

The group On x Spj^, acts by conjugation on MAr+Af'(-S), inducing a right ac- 
tion on A, hence an action of Oat x Spat- on Mn+n'^A). The universal map j 
maps R to the algebra Mat+atK^)*"'"^^''"' of Oat x SpAf-equivariant morphisms 
from Xr^n+n' to MN+N'{k) (cf O 1.2]). 

2.2.2. A fc-algebra with trace and antimorphism of order 4 is an algebra with trace 
(cf. 221) equipped with an antimorphism r : R ^ R of order 4 commuting with tr. 
The algebra MAr+w(-B) carries its usual trace and the antimorphism i described 
earlier. 

Our purpose is to generahze the main theorem of {loc. cit.) to any algebra 
which is a quotient of the algebra TAr,Af' of Oat x Sp at/ -equi variant morphisms 
MA^_i_A"(fc)* MAr+Af'(^)- Note that a set of generators for Tn,n' has been given 

in irrni 

Proposition 2.2.3. Let R he a k-algebra with trace and antimorphism of order 4. 
If R is a quotient ofT^.N' then the universal map j: R MAr+Af'(^)°"'*^^™' is 
an isomorphism. 

It follows from an immediate adaptation of Procesi's proof. 

2.3. Generators for k[R{Q , a)]^ " . 

2.3.1. Let us go back to the quiver Q, and the action of on its representation 
space. Consider the quiver Q obtained from Q by adding one new arrow a* : <j(y') 
a(v) for any arrow a: v ^ v' , where we called a the involution of the set of vertices 
fixing the Si and tj, and permuting Uk and u^. Let R (resp. R) be the path algebra 
of the opposite quiver Q°p (resp. Q°^). There is quite a natural way to endow 
R with an antimorphism t of order 4 whose action on the idempotents (who are 
associated to the constant paths) comes from the one of a: t fixes the and Ct^ , 
permutes and e„*, while it sends an arrow a to ea*, where e equals —1 if a 
starts from Si, Uk or and ends at tj, and 1 otherwise. 
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We need here to adapt the map l previously defined on M7v+Ar/(fc): t still asso- 
ciates to a map its adjoint, but the bilinear pairing has to be replaced by the one 
represented by a matrix of the form 



/ In, \ 









/, 



N3 



Put iVi - EZi ^2 = c^t,, N3 = Efcli and N = N,+N2 + N3, 

and consider the decomposition of k'^ into pairwise orthogonal subspaces k'^^ © 
k^^ © k'^^'^ given by Note that representations of R of dimension a commut- 
ing with T and i adapted to the previous decomposition correspond bijectively to 
representations of R of the same dimension adapted to this decomposition. This 
allows us to identify R{Q, a) with the subspace of R{Q, a) consisting of all rep- 
resentations which preserve the preceding antimorphisms, that is to a subspace of 
j^{k), where X. jv is the functor introduced in l2.2.1l fonce the bilinear form has 
been replaced by $). 

2.3.2. Consider now the algebra Sn defined as the quotient of A:[es;, e*^ , Cuj^, e„*] 
by the ideal J generated by the relations = e^, e„e„' = if w 7^ u', J2v = 1- 
This algebra is contained in R. The restriction of r to this algebra is exactly the 
antiinvolution described in 12.3.11 and we have a fairly nice description of Xg^ j^: 

where a and cu range over pairs of admissible vectors in N" such that J^'^j = 
Ni + 2N3 and ^ ujj — N2 , the component Xg-^^ being isomorphic to 

{On,+2N, X Sp^J / (n(0-.. X SP.., ) X n(0-*, X SP..^ ) X n(GL.„, X GL^„^ )) . 

It induces a decomposition of Xj^ ^ as the union IJ^ ^ zu^^Xa-.u, where we call 
137 : X^ — > Xg^ the map induced by the inclusion Sn C R. By applying the 
argument of §3] to the component corresponding to the dimensional vectors 
a and u whose coordinate are = as;, o^tj — 0, — ctuk, ^t, = cttj and 
uJsi = LOu^ ~ 0, one gets the expected assertion: 

Theorem 2.3.3. The algebra of polynomials on R{Q, a) invariant under the action 
0/ n ^Qsi X n ^Pat X n ^'^a^f, generated by the functions 

if a) a ^ i'^ifap - ■ ■ fa,), 

where di is an arrow in the associated quiver Q equals to either Ui or Ui* , in such 
a way that (ai, . . . ,dp) forms an oriented path in that quiver and fa^ means fa^ or 
its adjoint according to whether hi is ai or ai* . 

Remark 2.3.4. It is now easy to deal with the case where we let the whole lin- 
ear group act (by conjugation) above some of the unpaired vertices: let us call 
ri, . . . ,r„4 this vertices, Q' the quiver obtained by adding 714 new vertices r^* and 
a' G I^"i+"2+2(ri3+n4) ^jjg admissible vector naturally deduced from any given ad- 
missible dimension vector a e p!j"i-i-n2+2r!.3-i-n4_ rpj^^ group 

= n . X \{ Sp„^ X \[ GL„„^ X W GL„^^ 

acts on R{Q, a) and R{Q' , a') (the action of 5 e GL^^ on r^ being / 1— > *g~^f*g), 
and the r„-equivariant projection k[R{Q', a')] — > k[R{Q, a)] allows us to compute 
the ring of Fa-invariants of k[R{Q, a)]. 
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3. Local study of the forgetful map 



In order to simplify the local study of A^so^ — ^ -Msl^ it is convenient to inves- 
tigate separately the injective morphism Mo^ A^gl^ and the natural map from 
■A^so^ to the subscheme C Aio^ consisting of all orthogonal bundles with 

trivial determinant. This distinction seems to be quite valuable since the direct 
differential study of A^so^ would involve invariant theory for special orthogonal 
groups, which is far more difficult to deal with (see 13.211 . We show here that the 
former is an embedding, while the later is an isomorphism (resp. a 2-sheeted cover) 
when r is odd (resp. even). 

3.1. Differential behaviour of A^o,- ^ AIgl^- 

3.1.1. Let us now briefly point out the classical way to analyse the local behaviour 
of A^Or ~^ A^GL^- Recall flrst that this application arises as a quotient (by a 
general linear group F = GLm) of an equivariant map between two well-known 
parameters spaces -Ro^ ^ -Rgl^ (cf. 7.3]). Luna's etale sHce theorem and 
deformation theory then allow us to grasp the local structure of these good quotients 
(cf. [3 2.5]): at any polystable vector bundle E, A^gl^ is etale locally isomorphic 
to an etale neighbourhood of the origin in the good quotient 

E^t\E,E)//AntG-L^iE), 

while at any polystable orthogonal bundle P, etale locally isomorphic to 

an etale neighbourhood of the origin in 

H\C,Ad{P))//AntoAP), 

where Ad(P) stands for the vector bundle P x^'' sOr associated to the adjoint 
representation of Or, which is nothing else than the vector bundle of germs of 
endomorphisms f oi E such that af + f*a = 0, where a: E ^ E* is the symmetric 
isomorphism given by the quadratic structure on E; in other words the adjoint 
vector bundle Ad(P) is canonically isomorphic to A'^E*. 

Then, if P S A^o^ is a polystable orthogonal bundle with associated vector 
bundle E G Mgl,^, the application A^o^ ^ A^gl^ coincides at P, through the 
preceding local isomorphisms (in the etale topology), with the natural map 

H\C, AdiP))//Anto,XP) ^ ^xt\E, E)//AntG-L AE) 
at the origin. In particular the corresponding tangent maps are identifled. 

3.1.2. A more explicit description of the vector spaces HAC,Ad{P)) andExt\P,£:) 
is then strongly needed in order to understand their quotients; we show here that 
£fi(C,Ad(P))//Auto,(P) is a closed subscheme of Ext^(P, S)//AutGL,(S), which 
implies our main theorem. 

According to 11.41 the orthogonal structure on the polystable vector bundle E 
associated to any point q & Mo^ gives rise to a splitting of as a direct orthogonal 
sum of the form 

rii n2 ria 

(3.1.2.1) £; = 0£;We0£;(2)e0pf , 

1=1 j = l k=l 

where each direct summand E^'^'' may be written as 

- E^^^ = pj;^^ ® where (P^^^').; are mutually non isomorphic stable or- 
thogonal bundles and (v}^'')^ some quadratic vector spaces, 

(2) (2) (2) (2) 

- Ej ' = Fj (8) , where (Pj )j are mutually non isomorphic stable sym- 
plectic bundles and (V^ )j some symplectic vector spaces, 
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(3) (3) (3) (3) (3) 

- Ej, ' = (F^ ffi ) ^>^k ' where (F^: are mutually non isomorphic 
stable bundles such that -F^ 9^ ^k' i^k )k some vector spaces 

carrying a non degenerate bilinear form. 

Let us denote by i/";^"^ : -F/"^ pi°)* ^jjg duality isomorphism (when a = 1,2), 

and CT;'""'' : — > E^"'^ * the symmetric isomorphism defined on sj"'^ (note that 

F^ ® -Pfc has been tacitly endowed with the hyperbolic form) . 
The two isotropy groups are then easily identified: we find that 

"1 "2 "3 

AutGL.(F) 1[GMV}'^) X nGL(^f ) x 11(gL{vI'^) x GL(yf )), 

i=l j=l fe=l 

while Auto^ (F) C AutcL^ (-E') is isomorphic to the subgroup 

"1 "2 "3 

no(y«)xnsp(yf )xnGL(yf), 

i=l j=l k=l 

where GL(V^^^^) stands for its image in GL(Vjf^^) x GL(y^^^^) by the morphism 

The space Ext^(F, E) splits into a direct sum of the spaces Ext^(Fj^'^'', F^'-*), and 

each of these summands is isomorphic to Ext^ {Pj:''^ , Fj''^ ) ® Hom(V^''^'' , vj^^ ) when 
neither k nor Z equals 3, or to a sum of summands of this form otherwise. The 
isotropy groups act on each of those spaces via the natural actions of GL(y) x 
Gh{V'] on Hom(y,\/')- 

An element w = E'^ij'^ e Ext^(F,F) ~ Ext^(Ff =\ f]'^) belongs to the 
space H\C,Ad{P)) if and only if w^^f G H\C,A'^E^^*) C Ext^(F;[^'\ F^'^) and, 
for {i,k) ^ afujf;-'^+ijlf^*a^t^ = 0. So, identifying Exti(Ff\Ff ) with 

its image in Ext^(Ff \ f]'^) ® Ext^ (Fj'\ Ff^) by the appHcation J^f ^ J^f - 

<jf^-^uj^^f*af , it appears that ifi(C,Ad(F)) is the subspace of Ext^(F,F) iso- 
morphic to the direct sum 

(3.1.2.2) j0ifi(C,A2F«*)e0Exti(Ff ,Ff ) j 

k \ i i<j j 

00Exti(Ff\Ff), 

each one of the diagonal summand being more precisely expressed as: 

(3.1.2.3) H^CA'Ef-^*) = (^H\C,S^F^'^*)^so{v}^'^)^(S 

(iri(c,A2^;(i)*)®s2y.«*), 

(3.1.2.4) H\C,A^F^^^*) = (iJi(C,A2Ff ^*)0sp(T//^))® 

(iri(c,s2Ff)*)®AVf)*), 

(3.1.2.5) H\C,A^Ef^*) = (Exti(Ff\Ff)) ®fll(y^('^))© 
(ifi(C,S2Ff^*) AVf © (Fi(C,A'Ff^*) «)S2(T4<^)*))© 

(£ri(C,S2Ff)) ® AVf © (iri(C,A2Ff)) ® s^yf 
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where Ext^ {fI^' , Fjf' ) has been identified with its image in Ext^i^f \ i^f ') © 
Ext^(Ff^*,Ff)*) by the map uj ^ to — LO*. Note that the dimensions of all the 
extension spaces under consideration are trivially available. 

3.1.3. This pretty intricate situation suitably expresses itself in terms of repre- 
sentations of quivers. Indeed let us consider the quiver Q whose set of vertices 
is 

On - Is'^' s(i' s^^) s(2) (3) (3*) (3) (3'}} 

these vertices being connected by dimExt^(i^/''\ F^-'^) arrows from s^*^^ to s^p 
(where we have set *' = i^^^^*). Next define a e N»i+n2+2n3 according to 
the dimensions of the corresponding vector spaces V^^"^ Therefore the AutGLr(-E)- 
module Ext {E, E) is exactly the GL(a)-module i?(Q, a) composed of all the rep- 
resentations of Q of dimension a, and the result of recalled earlier provides us 
with a description of the algebra fc[Ext^(F, £;)]AutGL,(£;)^ 

"1 

The inclusion i/i(C,Ad(P)) Ext^F, F) is an Auto,(P) = 11 0(V ) x 

1=1 

(2) (3) 

W Sp(V^ ) X n ^■'-'(^fc )-equivariant application, so that we have an exact se- 

i=i k=i 
quence 

/c[Exti(F,£;)]^"*°'-(^) ^ fc[i7i(C,Ad(P))]^"*°'-(^) ^ 0. 

This sequence and the theorem 12 . . 31 result in a description of a set of generators for 
the algebra k[H^C, AdiP))]^^'°'-^P\ namely the (/a), ^ t r(/a • ■ ■ /5J, where /a, 
stands for either /a^ or its adjoint map. Now, according to H3. 1.2. 211 . H^{C, Ad{P)) 
is a subspace of R{Q, a) made up of representations having the following prop- 
erty: if fa - Vv ^ Vu' denotes the map associated to an arrow a: v ^ v', then its 
adjoint map /* : V*, V* is, up to the sign, the map associated to one of the 
arrows from v' to v. So the algebra k[H^{C, Ad(P))]*"*°'-^^^ is generated by traces 
along oriented cycles in the quiver Q. This exactly means that the application 
)fc[Ext^(£;,F)]A"t<5i-(-^) ^ fc[gi(C, Ad(P)) ]^"*°- (-P) is onto. 

In view of what has been discussed in 13.1.11 this proves the injectivity of the 
tangent map of TWq^ — > A^gl,. at g = [P]. But we have shown in 1 1.41 that the map 
M.Or{^) ~* ■A^GLr(fc) is injective. This implies the following: 

Theorem 3.1.4. The forgetful map {E,q) G Mo^ ^ E <E A^gl^ is an embedding. 

One easily gets in the very same way the corresponding assertion relative to the 
moduli of symplectic bundles: 

Theorem 3.1.5. The forgetful map A^spa^ ~^ A4sL2r is an embedding. 

The point is that any closed point of A^spj^ represents a polystable vector bundle 
of the form 

i j k 

where {Fl^'')i (resp. (Fj^^)j, resp. (Ffc^^)fc) is a family of mutually non isomorphic 
symplectic (resp. orthogonal, resp. not self-dual) bundles (which are stable as 
vector bundles), and {V^^^)i (resp. {V^'^^)j, resp. {vlf'^)k) a family of quadratic 
(resp. symplectic, resp. endowed with a non-degenerate bilinear pairing) vector 
spaces {F^^ © F^'' * being now equipped with the standard symplectic form). Let 
us denote by a: E ^ E* the resulting symplectic form on E. The bundle Ad(P) is 
now isomorphic to the bundles of germs of symmetric endomorphisms of E (that is 
endomorphisms verifying af + f*a = 0), and both the space H^{C, Ad(P)) and the 
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considered isotropy groups can be described in a manner analogous to that of l3.1.2l 
(one only has to switch the factors A^f/*^^* and S^i^/*^^*, and of course to redefine in 
the obvious way every map of the form Ext ^ (F, F' ) ^ Ext ^ (F, F' ) ® Ext ^ (i^'* , F* ) ) . 
The theorem 12.3.81 then allows us to conclude again. 

3.2. About Mso,. ^ Xo, • 

3.2.1. We have recalled in 11.61 how to compute the fibers of the finite morphism 
from MsOr onto M.q^ = det~^(Oc'). A point [P] € in its image has two 
antecedents if and only if AutsOrl^*) ^ Auto^(F) is an isomorphism, that is if 
and only if every orthogonal bundle F^*-^^ appearing in the splitting Ij3.1.2.1|l of E 
has even rank. 

Luna's theorem reduces once again the differential study of this application to 
an invariant calculus: the tangent map of TWso^ ^ -A^o,. at [P] G A^so^ is indeed 
identified with that of i?i(C, Ad(F))//Autso,(/') ^ -^^(C, Ad(F))//Auto,(F) (at 
the origin). 

Therefore, if r is odd, A^so,, ^ -^o,- i^ isomorphism. 

3.2.2. Let us consider now the even case. The morphism Also,. ^ Mor- is then 
a 2-sheeted cover, which is etale above the locus of points having two antecedents. 
A branched point corresponds to an orthogonal polystable bundle E containing at 
least one subbundle isomorphic to F-^^^ ® V"/^^ where F^^^ is an orthogonal bundle 
of odd rank: we then have to understand the inclusion 

/c[77i(C,Ad(F))]^"*°'-(^) fc[ffi(C, Ad(F))]^"*«°-(^). 

It is easy to produce a primitive element for the generic extension (which is of de- 
gree 2). First note that the vector space W obtained as the direct sum of the v}^^ 
corresponding to the orthogonal bundles F-'^^ of odd rank has even dimension, and 
has an orthogonal structure inherited from the ones of the V}^\ The space com- 
posed of all the antisymmetric endomorphisms of W may be identified with a direct 
summand of H^{C,Ad{P)), and mapping any element oj G H^{C,Ad{P)) to the 
pfaffian of the endomorphism of W induced by uj then defines a function belong- 
ing to A:[i7i(C, Ad(F))]^"*so,(P) ^jjich is not Auto,(F)-invariant; this function 
certainly generates the generic extension. 

It is more difficult to give a convenient description of this algebra: in the (sim- 
plest) case where P is isomorphic to O ® V with V a quadratic vector space 
of even dimension, we have to understand the action of Autso,.(^') — SO^ on 
H^{C,Ad{P)) ~ H^{C,0) ^so{V). This can be solved again thanks to Procesi's 
trick (cf. I2.1.4|l : the computation has been carried out in , and provides a set of 
generators for the A:[i7i(C, Ad(F))]^"*°-(-f')-algebra fc[ffi(C, Ad(F))]^"*«°' (-P) in 
terms of polarized pfaffians. 

Let us finally mention that in the general case we can easily infer from the main 
result of (TO^ a family of generators for fc[ffi(C, Ad(F))]^"*«°-('f') which are also 
obtained as polarized pfaffians. 

3.3. About the multiplicity at stable points. 

3.3.1. The discussion held in 13.1.11 contains in fact a more precise statement, re- 
lated to the completed local rings of Aio^ and AIgl,,- Indeed, if g is a point of 
Alor representing a polystable bundle P whose image in A^gl,, is a point s = [E], 
we have the following commutative diagram, where the rings of the second row are 
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the completions of the local rings (of the involved algebras of invariants) at the 
origin, 



(3.3.1.1) I' \ 

(/c[Exti(£;,£;)]A^*<^i'^(^)) ^ (A:[i7i(C,Ad(P))]A"*°.-(-P)). 

This description of the completed local rings of Mo^ provides us with additional 
informations about the local structure of Mo^, at least at the points where the 
situation is not too bad (see |H] for the case of TWgl^): the more we know about 
the second main theorem of invariant theory for the isotropy group of P, the easier 
our calculations will be. 

3.3.2. Let P be an orthogonal bundle whose underlying vector bundle is of the 
form E = El (B E2, with Ei and E2 two non-isomorphic GL-stable orthogonal 
bundles. The description of the inclusion H^{C,Ad{P)) ^ Ext'^{E,E) given m 
113. 1.2. 211 here reduces to 

H^{C,Ad{P)) = H\C,A?Ei*) e Y.yit\Ei,E2) ® H\C,A^E2*) 

n n n n 

Ext\E,E) = Ext\Ei,Ei) ® Ext^{Ei,E2) Ext\E2,Ei) ® Ext\E2,E2); 

the isotropy subgroup Auto^{P), isomorphic to Z/2Z x Z/2Z, acts trivially on 
H^{C,A'^Ei*) and by multiplication by ±1 on Ext^{Ei,E2) (while (ai,Q;2) 6 
AutGLr(^) — '^rn X Gm acts On Fixt^{Ei, Ej) by aja'-^). 

Let (X^'^)fe (resp. (F/)/) be a basis of H^{C,A^Ei*)* (resp. Ext\Ei,E2)* C 
H\C,Ad{P)y*). Then /c[7?i(C, Ad(P))]A"'°-(^) is the subring of k[xl'\Yi] gen- 
erated by all the X^*-* and the products Y/Yj'; if V denotes the afHne cone over 
the Veronese variety P(Ext\£'i, P2)) C ¥ {S'^Ext\Ei, E2)) we get the following 
isomorphism: 

Spec(/fc[i7i(C,Ad(P))]^"*°-(^)) ^ (p-i(C,Ad(Pi))©£ri(C,Ad(P2))) x V. 

Using the identification 6^0,, 9 - Ad(P))]^^*o-(-P)) we have the fol- 

lowing result: 

Corollary 3.3.3. The tangent space to Mo^ at a point [P] given as the direct sum 
El © E2 of two non-isomorphic stable orthogonal bundles is isomorphic to 

H\C,A^Ei*)®H^iC, A^E2*)®{S^Ext\Ei,E2)), 

and the multiplicity of Mo^ at this point is equal to 2''i''2(^^^'^^, where ri is the 
rank of Ei . 

Remark 3.3.4. (i) The general case of a stable point q S M.o^. is more difficult: 
such a bundle corresponds to a vector bundle which splits as a direct sum of n 
mutually non-isomorphic GL^^ -stable orthogonal vector bundles. We can use 12.3.31 
to try to get some additional informations about the local structure at q, for instance 
by computing the multiplicity at this point. One can easily check that, if n = 3 
(resp. 4) this multiplicity is equal to 2 J| 2'''''^(f-i)-i (^esp. 8 J|2'''''^(f-i)-i). 

(ii) It is not hard to deal with the case of an orthogonal (non stable) bundle of 
the form F ® F* with F F*: we see that Aio^ is, at such a point, etale locally 
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isomorphic to Ext^(i^, F) © S, where S is the afRnc cone over the Scgrc variety 
V{H\C,A^F*)) X V{H\C,A'^F)) cV {h\C,A'^F*) ® H\C,A'^F)) . 
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